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Abstract. We show that on a Sasakian 3-sphere the Sasaki-Ricci flow initiating from 
a Sasakian metric of positive transverse scalar curvature converges to a gradient Sasaki- 
Ricci soliton. We also show the existence and uniqueness of gradient Sasaki-Ricci soliton 
on each Sasakian 3-sphere. 



1. Introduction 

Recently Sasaki-Einstein geometry, as an odd-dimensional cousin of Kahler-Einstein 
geometry, has played an important role in the Ads/CFT correspondence. The important 
problem in Sasaki-Einstein geometry is certainly to find Sasaki-Einstein metrics. Boyer, 
Galicki and their collaborators found many new Sasaki-Einstein metrics on quasi-regular 
Sasakian manifolds [4], [5] and [7]. The first class of irregular Sasaki-Einstein metrics 
was found by Gauntlett, Martelli, Spark and Waldram in [14] and [15] . Another class of 
irregular Sasaki-Einstein metrics was found in |12j by studying the Sasaki-Ricci solitons. 

In order to systematically study the existence of the Sasaki-Einstein metrics, we intro- 
duced in |21| a Sasaki-Ricci flow, motivated by the work of Lovric, Min-Oo and Ruh [19J in 
transverse Riemannian geometry. The Sasaki-Ricci flow exploits the transverse structure 
of Sasakian manifolds. We have showed in [21] the well-posedness of the Sasaki-Ricci flow 
and global existence of the flow, together with a Cao [9] type result, i.e., the convergence 
in the case of negative and null basic first Chern class. For the more precise definitions 
see Section 2. 

In the paper we want to consider the Sasaki-Ricci flow in the three-dimensional case. 
Three-dimensional Sasakian manifolds are of the lowest dimension for Sasakian geometry. 
Nevertheless, the Sasakian structures on three-dimensional manifolds are quite rich and 
have been well studied [IJ [21 [131 [16] . A compact 3-manifold admits a Sasakian structure 
if and only if it is diffeomorphic to one of the following standard models: (i) S 3 /T, (ii) 

Nil 3 /r, (iii) SL(2, R) /T, where T is a discrete subgroup of the isometry group with respect 
to the standard Sasakian metric in each case. Nil 3 is for the 3 nilpotent real matrices (i.e. 

the Heisenberg group), and SX(2,R) is the universal cover of SX(2,R). Note that cases 
(i), (ii), and (iii) correspond to Sasakian manifolds with positive, null, and negative basic 
first Chern classes, respectively. 

As mentioned above that on the Sasakian manifolds with null or negative basic first 
Chern classes the Sasaki-Ricci flow converges. Therefore, we focus in this paper on three- 
dimensional Sasakian manifolds, i.e., Sasakian 3-spheres. 

Let 

s 3 = {z g cM^i 2 + \z 2 \ 2 = 1} 
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and 
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This r/o together with the standard almost complex structure gives the standard Sasakian 
structure and the corresponding Sasakian manifold is the standard sphere. A weighted 
Sasakian structure on S 3 is given by 



where a\ and 02 are any positive numbers. The Reeb vector field of the weighted Sasakian 
structure is 



When a\ja% is a rational number, the weighted Sasakian structure is quasi-regular; oth- 
erwise it is irregular. We know that for any Sasakian structure (S s ,7]) on S 3 there is a 
weighted Sasakian structure such that 



where [•]# is the basic homology class; for the proof see Proposition 6 in [2]. See Section 
2. The Sasakian structure (S s ,rj) also has Reeb vector field £ a , and we say that it is 
homologous to r] a . The Sasaki- Ricci flow deforms Sasakian structures within a fixed class 

[•]*• 

Our main result is 

Theorem 1.1. For any initial Sasakian structure on S" 3 of positive transverse scalar 
curvature, the Sasaki-Ricci flow converges exponentially to a gradient Sasaki-Ricci soliton. 

Moreover, we prove the existence and uniqueness of gradient Sasaki-Ricci soliton on any 
weighted Sasakian structure. 

Theorem 1.2. For any given homologous class of Sasakian structures on <S 3 , there exists 
a unique gradient Sasaki-Ricci soliton. 

The proof follows closely Hamilton's idea [18] on the Ricci flow on surfaces and relies 
on the Li-Yau-Harnack inequality and the entropy formula. Actually, the Sasaki-Ricci 
flow on Sasakian 3-spheres shares lots of properties of the Ricci flow on a 2-sphere and 
two-dimensional orbiflods, which was studied by Hamilton [18] and Langfang Wu [22], see 
also the work of B. Chow [TO] and [TT]. In the expression of weighted Sasakian structures, 
if a\jtti = 1, the characteristic foliation is regular and the leaf space is a two-dimensional 
sphere. In this case the Sasaki-Ricci flow is equivalent to Hamilton's Ricci flow on a 2- 
sphere. If a\/a2 7^ 1 is a rational number, the leaf space is a so-called bad orbifold with 
one or two orbifold points. Our Sasaki-Ricci flow in this case is equivalent to the Ricci 
flow on such orbifolds studied by L. Wu [22]. The key step in her proof is to establish 
some injectivity radius estimates and volume estimates. Note that Wu's injectivity radius 
estimates are just for the orbifold points and the points in a region apart from the orbifold 
points at a distance. One main reason makes the injectivity radius estimate near orbifold 
points fail is that near a p-fold point, a shortest geodesic 1-gon may be generated by 
each of p copies of short geodesic segments on the universal covering. For the quasi- 
regular Sasakian structures, the Sasaki-Ricci flow can be reduced to the Ricci flow on 





[drj\ B = [drjalB 
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bad orbifolds. Then one can apply Wu's estimates to get the convergence of the Sasaki- 
Ricci flow to a soliton solution. The Ricci flow on bad orbifolds with negative curvature 
somewhere was also studied by Chow-Wu 

The remaining case of an irrational ratio a\jtti is not covered by the work of Wu |22| 
and Chow-Wu [11]. In this case the leaf space has no manifold structure and it could be 
very wild. We have to work directly on the three-dimensional manifold S 3 . Nevertheless 
we manage to show the crucial volume estimate by using the Weyl tube formula. 

The rest of paper is organized as follows. In section 2 we recall the definitions of Sasakian 
manifolds, Sasaki-Ricci flow, Sasaki-Ricci solition. In Section 3 we prove the convergence 
of the Sasaki-Ricci flow to a gradient Sasaki-Ricci soliton, by using the Harnack inequality 
and the entropy formula and leave the crucial volume estimates in Section 4. In Section 5 
we study the gradient Sasaki-Ricci soliton explicitly. 

2. Sasakian manifolds and Sasaki-Ricci flow 

2.1. Sasakian manifolds. For convenience of the reader, we recall briefly the definitions 
of Sasakian manifolds, its basic concepts and our Sasaki-Ricci flow. For more details we 
refer to [8] and [21]. 

Let (M,g M ) be a Riemannian manifold, X7 M the Levi-Civita connection of the Rie- 
mannian metric g M , and let R M (X, Y) denote the Riemann curvature tensor of V M . By 
a contact manifold we mean a C°° manifold M 2n+1 together with a 1-form r\ such that 
7] A {drf) n 7^ 0. It is easy to check that there is a canonical vector field £ defined by 

7/(£) = 1 and dr](£, X) = 0, for any vector field X. 

The vector field £ is called the characteristic vector field or Reeb vector field. Let 

V p = ker?7p. 

There is a decomposition of the tangential bundle TM 

TM = V L s , 

where is the trivial bundle generated by the Reeb field £. A contact manifold with a 
Riemannian metric g M and a tensor field $ of type (1,1) satisfying 

$ 2 = -I + n ® £ and g M &Y) = g M (X, Y) -rj(X)rj(Y) 

is called an almost metric contact manifold. Such an almost metric contact manifold is 
called Sasakian if one of the following equivalent conditions holds: 

(1) There exists a Killing vector field £ of unit length on M so that the Riemann 
curvature satisfies the condition 

R M (X^)Y = g M (^Y)X-g M (X,Y% 

for any pair of vector fields X and Y on M . 

(2) The metric cone (C(M),g) = (R + x M, dr 2 + r 2 g M ) is Kahler. 

For other equivalent definitions and the proof of the equivalence, see for instance [3]. By 
(2), a Sasakian manifold can be viewed as an odd-dimensional counterpart of a Kahler 
manifold. 

A Sasakian manifold (M, £, rj, <1>, g ) is a Sasaki-Einstein manifold if g M is an Einstein 
metric, i.e., 

Ric ff M = cg M , 
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for some constant c. Due to property (1) of the Sasaki-Einstein manifold, it is easy to see 
that c = 2n > 0. A generalized Sasaki-Einstein metric, 77-Einstein manifold, is defined by 

(2.1) Ric g M = lg M + vr]®r], 

for some constant I and v. It is easy to see that l + v = 2n. For a recent study of 77-Einstein 
manifolds and Sasaki-Einstein metrics, see [6], [20] and |12j . 

2.2. Transverse Kahler structures. In order to study the analytic aspect of Sasaki- 
Einstein metrics or r/-Einstein manifolds, we need to consider the transverse structure 
of Sasakian manifolds. In this paper, we always assume that M is a Sasakian manifold 
with Sasakian Structure (£, r],g M Let J 7 ^ be the characteristic foliation generated by 
£. On T>, it is naturally endowed with both a complex structure $p and a symplectic 
structure dr\. (T>, &\p,d'q,g T ) gives M a transverse Kahler structure with Kahler form dr) 
and transverse metric g T defined by 

g T (X,Y) = d V (X,^Y). 

The metric g T is clearly related to the Sasakian metric g M by 

g M = g T + v ® v- 

There is a canonical quotient bundle of the foliation J 7 ^, = TM/L^ and an 

isomorphism between v{J-^) and T>. Let p : TM — > v(J~£) be the projection. g T gives a 
bundle map a : — > T> which splits the exact sequence 

->• Li. TM -)■ -»• 0, 

i.e. po a = id. 

From the transverse metric <7 T , one can define a transverse Levi-Civita connection on 
by 

t \ t / (Vf «t(F))p, if X is a section of V, 



(2 - 2) VxF "l[e,^(y)f, ifx = e, 

where V is a section of v{T%) and X p = p(X) the projection of X onto ^(J 7 ^) and V M is 
the Levi-Civita connection associated to the Riemannian metric g M on M. The transverse 
curvature operator is defined by 

R T (X, Y) = V T x Vl - VlV T x - Vf x>Y] 

and transverse Ricci curvature by 

Ric T (X,Y) =g M (R T (X,e i )e i ,Y), 

where e« is an orthonormal basis of T>. We remark that here we have used the identification 
between T> and v{J-^). More precisely the transverse Ricci tensor is defined by 

Ric T (X, Y) = g M (R T (X, ejo-- 1 ^), Y) 
for X, Y G TM. One can check that 

(2.3) Ric T (X, Y) = Ric M (X, Y) + 2g T (X, Y). 
A transverse Einstein metric g T is a transverse metric satisfying 

(2.4) Ric T = cg T , 

for certain constant c. It is clear that a Sasakian metric is a transverse Einstein metric if 
and only if it is an 77-Einstein metric. 
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In order to introduce the Sasaki-Ricci flow, we first consider deformations of Sasakian 
structures which preserve the Reeb field £, and hence the characteristic foliation J^. 

A p-form a on M is called basic if it satisfies i(£)a = 0, C^a = 0. A function / is 
basic if and only if £(/) = 0. One can check that the exterior differential d preserves basic 
forms. Hence one can define the basic cohomology in a usual way. See [8J. Moreover, 
we consider the complexified bundle V c = T> % C. Using the structure <3? we decompose 
V c into two subbundles V 1 ' and V ' 1 , where V 1 ' = {X G T> c | <3?A = \^-lX} and 
D ' 1 = {X £ T> c | §X = — yj— IX}. Similarly, we decompose the complexified space 
A^ C = @ p+q=r A p B q , where A p B q denotes the sheaf of germs of basic forms of type (p, q). 
Define 8b and 3b by 

which is the decomposition of d. Let ds = d^v . We have ds = 9b + Bb- Let d c B = 

\y/-Hp B -d B ). Let d* B : n p B +1 -> n p B be the adjoint operator of d B : -> fl p B +1 . The 
basic Laplacian A# is defined 

A B = d* B d B + d B d* B - 

Suppose that (£, 77, <3>, g M ) defines a Sasakian structure on M. Let 92 be a basic function. 
Put 

fj = V + <Fb<P- 

It is clear that 

dfj = drj + dsd'Bf = dr\ + V —IObBb^P- 
For small 99, dry is non-degenerate in the sense that 77 A (<ir/) n 7^ 0. Set 

$ = $ - £ <g> (d#</?) o <7 M = drj o (Id ® + fj ® fj. 

(M, £, fj, g M ) is also a Sasakian structure with [c2?/]b = [d7/]s- It is this class of defor- 
mations we used in the definition of our Sasaki-Ricci flow. 

There are other kinds of deformation. For instance, the so-called P-homothetic defor- 
mation is defined 

fj = ar>, £ = -f, $ = g M = ag M + a(a - l)r] r] 
a 

for a positive constant a. Note that from an 77-Einstein metric with I > —2, one can use 
the 2?-homothetic deformation to get a Sasaki-Einstein metric. It was called also 0-type 
deformation. 

A first type deformation of this Sasakian structure is a new Sasakian structure (M, rf ,T>, <!>', 
where rf = frj, for a positive function / 7^ constant, and £' is the corresponding Reeb vec- 
tor field, where 3>'|z> = 3Hz>- See for example, [TJ, [2] and [13]. In this terminology our 
deformation is called the second type deformations. Here we would like to call them 
canonical deformations. A second type deformation rf of rj is also called homologous to rj 

m- 

2.3. Sasaki-Ricci flow. Let p T = Ric T ($-,-) and p M = Ric M ($-,-)- p T is called the 
transverse Ricci form. One can check that in view of (|2.3|) we have 

(2.5) p T = p M + 2dr). 
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p T is a closed basic form and its basic cohomology class [p t ]b = c b * s the basic first Chern 
class. c B is called positive {negative, null resp.) if it contains a positive (negative, null 
resp.) representation. The transverse Einstein equation (|2.4p can be written as 

(2.6) p T = cdn, 

for some constant c. A necessary condition for the existence of (j2.6|) is 

c B = c[drj\ B - 

By a 2?-homothetic deformation, it is natural to consider 

(2.7) c\ = K[d V ] B , 

where k = 1,-1,0 corresponds to positive, negative and null c B . 

Now we consider the following flow (£, t](t), <3?(i), g (t)) with initial data (£, 7/(0), ^(O), g M 

(2.8) j t g T (t) = -{Ric T gM{t) - Kg T {t)), 
or equivalently 

(2.9) !L dri (t) = -(p T gU{t) -Kd n {t)). 

We call (j2.8f) Sasaki-Ricci flow. In local coordinates the Sasaki- Ricci flow has the following 
form 

(2.10) j t tp = log det(<?g + (p i3 ) - log det(<?g) + Kip - F, 
where the function F is a basic function such that 

(2.11) p T gM - Kdr] = d B d c B F. 

We showed in [21] that the well-posedness of the Sasaki-Ricci flow and a Cao type 
result, namely, if k = —1 or 0, then the Sasaki-Ricci flow converges to an r/-Einstein 
metric. Unfortunately, in this case, there is no Sasaki-Einstein metric. Remark that one 
can obtain in the case k = — 1 a Sasaki-Einstein Lorentzian metric. The case k = 1 
is difficult. In general one can only expect to obtain a soliton type solution, namely a 
Sasaki-Ricci soliton. A Sasakian structure (M,^,rj,g M , <fr) is called a Sasaki-Ricci soliton 
if there is an Hamiltonian holomorphic vector field X with 

p T - df] = Cx(drj), 

where Cx is the Lie derivative. For the definition of Hamiltonian holomorphic vector field 
and the study of Sasaki-Ricci solitons on toric Sasakian manifolds we refer to |12j . 

A Sasakian manifold (M, £,77, g M , $) is called quasi-regular if there is a positive integer k 
such that each point has a foliated coordinate chart (U; x) such that each leaf of J-^ passes 
through U at most k times, otherwise irregular. If k = 1 then the Sasakian manifold is 
called regular. Let B the leave space of J-^. Then if M is regular if and only if B is a 
Kahler manifold and M is quasi-regular if and only if B is a Kahler orbifold. In these both 
cases, the Sasaki-Ricci flow on M is equivalent to the Kahler-Ricci flow on B. But when 
the Sasakian manifold is irregular, then B has no manifold structure. 
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3. Sasakt-Ricci flow on Sasakian 3-manioolds 

Now let (M, £, 77, g T , <£) be a closed three-dimensional Sasakian manifold. For simplicity 
if there is no confusion we remove superscription T, since all quantities we are considering 
are transverse. Note that in three-dimensional case A^ 1 is a line bundle. Since both the 
transverse Ricci form p v and the transverse Kahler form dr\ are real sections in A^ 1 , the 
basic first Chern class must be positive, negative, or null. Actually, let 



Pt) A rj = k I dr] Ai), 
M JM 

we must have 

[p v ]B = K[dri] B - 
Let (x, z = x 1 + ix 2 ) be the CR coordinates and 

Note that = ^Rgij, so we can rewrite the Sasaki- Ricci flow as 
(3-1) ^9ij = (r - R)gij, 

where r is the average of the transverse scalar curvature. For the reason mentioned in the 
Introduction, we now focus on the Sasaki-Ricci flow (|3.ip defined on a Sasakian 3-sphere. 
Moreover we assume the flow (|3,ip initiating from a metric of positive transverse scalar 
curvature. Note that the transverse scalar curvature R for a Sasakian manifold is a basic 
function. 

Proposition 3.1. Along the flow \3. we have 



— I dr] At/ = / (r — R)drj A rj = 0; 
m Jm 



dt 



(3.2) ^R = A B R + R(R- r); 



dt 



d , 

— I Rdr] A rj = 0. 

M 



dt 



We now assume R(0) > 0. Note that on Sasakian 3-spheres, the scalar curvature 
R M = R — 2. It follows from Proposition 13.11 that along the flow (|3,ip . the average 
transverse scalar curvature r stays as the same constant. If necessary we can make a 
0-type deformation of the initial Sasakian structure, and always assume that 

(3.3) -Rmax := raaxR(x) > r > 8. 

It follows from the maximum principle that R(t) > 0. We follow Hamilton's approach 
[18] to prove the Harnack inequality and the entropy formula for the flow (13. ip . 



Theorem 3.2. Suppose the flow h3. 1\) have a solution for t < T*(< +00) with R(0) > 0. 
Then for any two space-time points (x,t) and (y,T) with < r < T < T* , we have 



(3.4) (e- - 1)R(x,t) < ei D (e rT - l)R(y,T), 
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where 

(3.5) D = D((x,r),(y,T)) := inf f W^dt. 

Here the infimum is taking over all piece-wisely smooth curves j(t), t 6 [r, T\, with j(t) 
x and j(T) = y. 

Proof. Let ^(t) be any piece-wisely smooth path joining x and y, and 

L = log R. 

By the fact that R is a basic function, we have 

gf (V M L,7) = fff (VL,7) = 9t(VL,j). 

Hence 

d w , n <9L .__ . . 8L ,_ T ,9 1,.,9 

- i ( t , 7(t )) = - +9t (V i , 7 )> w -|VL&- i l7lL 



It follows from ([53]) that 

— = AbL + | VX|^ t + (/?-;•). 
Denote 

Q = — -|VL|J = A B L + (i?-r). 

One can compute that 

^ = A B Q + 2g t (VL, VQ) + 2| V 2 L + - r)<4 + rQ. 

So we have 



> A B Q + 2 5t (VL, VQ) + Q 2 + rQ, 

which implies that 

^ ~ e rt - 1 

Therefore 

^7(*))>^I- 3 l7l^. 
Taking 7(i) to be a path achieving the minima D, we get 

L(T,y) - L(r,x) > A^ - ^7|^ = " f^y - ^ 



□ 



The following entropy formula for the flow (|3.ip is an analog of Hamilton's entropy 
formula [18j. For the explicit computation we refer to 



Theorem 3.3. Along the flow (3. 1\) with R(0) > 0, the integral J M R log Rd/j 
increasing, where d\x = dr\ A rj. 



i is non- 
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Proof. Let / be the basic function defined by 

A B f = R 

and 



Mij = ViVjf -^{R-r)g ir 



Then we have 



- / RlogRdf, = / (R-rfdfi- / —p^d/j, 

at JM JM JM K 



\VR + RVf\l 



M -K J JV/ 

□ 

In order to combine the Harnack inequality f|3.4[) and the entropy formula to obtain 
uniform upper and lower bounds of R, we shall need a crucial volume estimate, see Lemma 
3.41 below. To make the statement of Lemma 13.41 we first introduce some notations. 

For any two points x, y £ S 3 and any transverse metric g, we define the transverse 
distance by 

d 



(3.6) d g (x,y) = M J \—j(s)\ g ds, 

here 7(5) is any piece- wisely smooth curve joining x to y. For any p £ S 3 , we denote 

V p (d,g) ={qe S 3 \d g (p,q) < d}. 

Lemma 3.4. Let (S 3 ,r],g) be a Sasakian 3-sphere with transverse metric g and positive 
transverse scalar curvature. Then there exists a positive constant Co, independent of 
second deformations of (rj,g), such that for any point p G S 3 , we have 

(3-7) Vol gM (V p (-^=,g))>^. 

^ V -Kmax Umax 

Proof. We will prove this Lemma in next section by using Weyl's tube formula. We treat 
quasi-regular and irregular Sasakian 3-spheres separately. For quasi-regular Sasakian 3- 
spheres, we use essentially Wu's injectivity radius estimate |22| . see Proposition 14.31 For 
the case of irregular Sasakian 3-spheres, see Proposition 14.51 □ 

Theorem 3.5. Along the flow (3. 1}) with R(0) > 0, there exist constants c% > and 
C2 < 00 such that 

ci < R(t) < 02. 

Proof. Without loss of generality, let 

1 

r >l, T = t + 



2iW(r) ' 

It follows from that R max (T) < 2 J R max (r). Then by the definition of the flow (1331) . 
gt,t € [t, T], are equivalent, i.e. there exist uniform positive constants 61,62 such that 

6ig{T) < g(t) < 6 2 g(T). 

Let j(t) be the shortest curve joining x and y, with respect to g(T). By the definition 
(|3,5p of D, we have 



(3-8) D((x,r),(y,T))<6 2 f \<y\ 2 g{T) dt = 6 ^^ 'f , 
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Taking x = y = p be a point where i? max (r) is achieved, it follow from the Harnack 
inequality (13. 4p that 



e rl — 

We shall apply the Lemma 13.41 with 



(3-9) #max(T) > - f — ■ i? max (r) 

e rj — 1 



g = g{T), d 



2 a/ -Rmax(^) 

It follows from f)3.8|) . (|3.9p that there exists a positive constant C(r) such that 
D((p,r),(g,T))<C(r)5 2 , for q G V p ( J_= ,g{T)). 

2y -KmaxU j 

By the Harnack inequality (|3.4p again, there exists a positive constant C(r, £2) such that 
22(g,T)>C(r,* 2 )iZm«0-)> for ggF p ( JL_= ,g(T)). 

Rma,x{l J 

Note that 

i21ogi2 > — . 

e 

Integrating over S 3 at time T, we get 

/ (ii log R-\ — )du M( T \ > I RlogRd/j> M( T ) 

> C(r,d 2 )R inax (T)log(C(r,5 2 )R max (r)) ( " 



> ^C C(r, 8 2 ) log(C(r, S 2 )R max (r)). 
Now by the entropy formula, we see that there exists a positive constant C\ such that 

Rmax(T ) < Ci- 
One can use the upper bound of i? to conclude a lower bound of R. Since the volume 
is constant and R has a upper bound, by Lemma 13.41 we see that the transverse diameter 
must be bounded from above. Otherwise, we would have two much volume. Let xq be a 
point with R{xq,t) > r. For r > 1, gt, t € [r, r + 1], are equivalent. Hence it follows from 
the upper bound of the transverse diameter that, there exists a positive constant C such 
that 

D((t,x ),(t + 1,x))<C, Vs. 
It follows from the Harnack inequality that R(t + 1) has a uniform lower bound. □ 

We now show that the flow (|3.ip converges to a gradient Sasaki-Ricci soliton. For a 
Sasakian 3-sphere (S s ,rj), let / be the basic function defined by 

A B f = R-r, 

and 

Then (S s ,r]) is a gradient Sasaki-Ricci soliton if and only if 

Mij = 0. 
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We will show that the Sasaki- Ricci flow (|3.ip converges to a solution satisfying My = 0, 
which means the Sasaki-Ricci soliton solution is generated by diffeomorphisms related to 
X = -\Vf. 

Theorem 3.6. Along the Sasaki-Ricci flow A3.1\) with R(0) > 0, we have 

\Mij\ 2 < Ce~ ct . 
Hence Mij converges to zero exponentially. 

Proof. It is a direct consequence of the evolution equation of |Mjj| 2 : 
-||Mi/ = AbIM^-I 2 - 2|V fc M;/ - 2R\M i3 \ 2 . 

□ 

So we have proved the following 

Theorem 3.7. The Sasaki-Ricci flow A3.1\) on a Sasakian 3-sphere with R(0) > con- 
verges exponentially to a gradient Sasaki-Ricci soliton. 

4. Volume estimates 

In this section, we show Lemma 13.41 We use a Weyl type tube formula to prove the 
volume estimate (13. 7p . We treat quasi-regular Sasakian 3-spheres and irregular Sasakian 
structures separately. We first recall Weyl's tube formula. 

Let P q be a g-dimensional embedded closed submanifold in M n . A tube T(P,r) of 
radius r > about P is the set 

T(P, r) = {xe M\ dist gM {x, P)<r}. 

A hyper surf ace of the form 

p t = {xe T(P, r)| dist g M (x,P)= t} 

is called the tubular hypersurface at a distance t from P. Let Ap(t) denote the (n — 1)- 
dimensional area of P r , and Vp 1 (r) denote the n-dimensional volume of T(P,r). 

Let v denote the normal bundle of P, and exp^ be the exponential map. Then we define 
minfoc(P) to be the supremum of r such that 

exp„ : {{p, v) G is, \ v\ < r} — > T(P, r) 

is a diffeomorphism. For the exponential map exp^, we would like to note the following 
well-known fact: any geodesic j(t) in a Sasakian (S 3 ,g M ) with 7(0) 6 ^ 7 (o) must be 
horizontal. 

Proposition 4.1. Let 7(4) be a geodesic in (S 3 ,g M ) with 

7 (0) = p, 7(0) G V p . 

Then we have 

Proof. Let p be a given point in S 3 and 7(i) be a geodesic of arc-lengthly parameterized 
through p in (S 3 ,g M ). Set 

7 = H + V, 

where H is the horizontal part and V is the vertical part. Then we have 
4 M (7, = 9 M (i, V? = g M (i, m = g M (H, SI*) = 0. 
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□ 

Let S n ~ q ~ l (vp) denote the unit sphere in u p and dfj, u be the standard volume ra-form 
on the normal bundle v. One can introduce the following function on the normal bundle 

q (p t \ = exp*[cfyxA f (ex Pi ,(p,tu))] 
dp u (p,tu) 

for 

< t < minfoc(P), u G S ,n " 9_1 (i/ p ). 
For < t, r < minfoc(P), we have 

(4.1) A A P I (t) = t n -"- 1 [ [ e u (p,t)dudp, 

JP Js n ~i~ 1 (up) 

and 

(4.2) V^{r)= f r Af(t)dt. 

Jo 

Let <j(x) be the distance function from P to x and 

N = V M cr 

be the formal outward unit normal vector field of P a t x )- On the tubular hypersurfaces Pt, 
let 

Su = Vf N, 

here u £ TP-t, be the shape operator. The shape operator S satisfies the Riccati differential 
equation 

(4.3) S'(t) = -S(t) 2 + R A f, 
here 

S' = VfjS, Rfju = R M (N, u)N, u £ TP t . 

We also have 

(4.4) e' u (t) = (trS(i) - n ~ q t ~ l )Q u (t), 

here we omit the parameter p £ P. Now we can introduce a Weyl type tube formula which 
we will use in this section, see for instance |17] , 

Theorem 4.2. Suppose that P C M n is a q- dimensional closed submanifold and the 
sectional curvature of M satisfies 



K M < A. 



Then for < r < minfoc(P), we have 



rai 



(4-5) A-(r) > ^LJ_ £ 



2tt^ ^ k 2c (R p -R M ) 



2 , Q {n-q)(n-q + 2)---(n-q + 2c-2) 

■ (cos(rv / A))^ 2c ( ^^ ) n - g+2c - 1 , 
v A 



here 



k (R p -R M ) = j dpL P . 
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Corollary 4.1. Let P be a closed embedding curve P in (S 3 ,g M ) and 
Then for < r < minfoc(P), we have 



K M < A. 



.i/, , - _t , sin(2/ \ A) 



(4.6) Af (r) > ttL(P) 



In the sequel we let 



-M 

A = I\ 

Note that 



A = K I] 



tfmax = /Cx + 2 = 2K%JP) + 6. 

Then the assumption fj3.3j) is equivalent to 

The proof of Lemma 13. 41 relies on a classification result [2], [13] of all Sasakian structures 
on S 3 . Let 

5 3 = {zgC 2 ,|zi| 2 + |z 2 | 2 = 1} 

and 

2 

Vo = J2(x i dy i - tfdx 1 ). 
i=i 

This ?7o together with the standard almost complex structure give the standard Sasakian 
structure and the corresponding Sasakian manifold is the standard sphere. A weighted 
Sasakian structure on S 3 is given by 

n a = (ai|zi| 2 + a 2 \z2\ 2 y 1 r]Q, 

here a\ and a 2 are any positive numbers. The Reeb vector field of the weighted Sasakian 
structure is 

i=l y 

which is generated by the action 

e u .( Zl ,z 2 ) = (e iai *zi,e ia2 *z 2 ), t £ [0,2vr]. 

When a\ja 2 is a rational number, the weighted Sasakian structure is quasi-regular; other- 
wise it is irregular. Belgun's classification (see Proposition 6 in [2]) tells that any Sasakian 
structure on S 3 is a second deformation of some weighted Sasakian structure on S 3 . 

We will use formulas (]4.2p and (I4.6D to prove the volume estimate (13. 7j) . We first deal 
with the case of quasi-regular Sasakian structures. The proof relies essentially on Wu's 
injectivity radius estimates (22]. In fact in the case of quasi-regular Sasakian structures, 
the volume estimates can be deduced directly from Wu's volume estimate. 

Proposition 4.3. Let (S 3 ,n,g) be a quasi-regular Sasakian 3-sphere with transverse met- 
ric g and positive transverse scalar curvature R. Then there exists a positive constant Co, 
which depends only on the first deformation class of rj, such that for any orbit l p passing 
through p G S 3 we have 

(4-7) ^^TlH * W- 

A max il max 
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Proof. Without loss of generality let rj be a second deformation of 

r] a = (ail^il 2 + a 2 \z 2 \ 2 )~ 1 r]o, a 1 ,a 2 £N, a x < a 2 , gcd(oi, a 2 ) = 1. 
Case I, Z a2 -teardrop base space: If a\ = 1, the only singular orbit is 

h 2 = {{zi,z 2 )\z\ = 0, \z 2 \ = 1}. 

Note that 

L(l Z2 ) = — , 

and the generic orbits have length 2ir. The base space B of this foliation, given by 

B = S 3 /l^ a , ir:S 3 ^B, 
is an orbifold with an orbifold point 

Q = n(l Z2 ). 

The isotropy group at Q is Z a2 . 
Let I be an orbit in S 3 , 

l s = {x G S 3 \d g M(x, I) = s}, 

and 

T(l,r) = {x£ S 3 \d gM {x,l) < r}. 

The injectivity radius of the orbifold point Q in the universal cover of B \ Q is greater 
than 7r/ V fimax, see [22]. Note that along any geodesic starting from l Z2 orthogonally there 
exists no focal point within distance n/\/R m£LX . It follows that 

7T 

minfoc(7 22 ) > 



\fR~n 



Actually if not, there must be a shortest geodesic 1-gon at Q of length less than 2tt/-\/ -R max 
on the universal cover of B \ Q, which contradicts with Wu's injectivity radius estimate 
mentioned above. 
Recall that 

A = iCx(> !)• 
By the formula (|4.6p . for s < minfoc(7p) we have 

Af { .) > nL(lf-^?f>. 

Taking r = Tr/4y/R max , we get 

(4.8) *_ } = r A M {s)ds 

V ^ ^ViW Jo h2 > 

max sin 2s V A 
> / 1= ds. 

a-2 Jo VA 

Note that from (|3.3p . we have 

flmax = 2A + 6 > A, 

so we get 

„ o ,. ZE . q 
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For any orbit I such that 

dist_»(7T(0,Q))< 



ma: 

note that 

T(! 22)77 ^)CT(I, ~ 



4V -Rmax ' 2a/R max 

by the estimate (14, 9p we get 

7T 7T 3 1 .... - „, s 7T 



(4I0) ¥ ' ( Vt )s ^' v^.wo.Q))^ 

For any orbit / such that 



dist B (vr(/),Q) > 



7T 



4V% 



it follows from Wu's injectivity radius estimate [22] that there exists a positive constant 

C 

minfoc(Z) > 



C < 2 such that 



irnas 



0>2\/Ra 

Hence it follows in a similar way as (|4.8p and (|4.9p that 



7T Att(~ 1< ^' 1 7T 

(4.11) ^ M (-^=)> 2 - , V/:disV(vr(/),Q)> " 



4\/ Rmax a 2 -^max max 

By (I4.10p and (|4.11j) . we see that there exists a positive constant C such that 



(L!2i ^ M( dH^iT-' v/ - 

^V- fl max u 2 -"-max 



Case II, Z aia2 -football base space: In case that a\ > 2, there are just two singular 
orbits 

l Z2 = {z x = 0}, l Zl = {z 2 = 0}. 
Therefore, the base space of this foliation is an orbifold B with two orbifold points 

Q2 = 7r(4 2 )> Ql=7r(^i), 

here Q2 is of Z a2 isotropy group and Q\ is of Z ai isotropy group. Note that 

L(l Z2 ) = -, L(l Zl ) = ^, 
ci2 a\ 

and the generic orbits have length 2ir. 

The volume estimate (|4.7p follows in this case similarly to the case I, using Wu's injec- 
tivity radius estimates on the base space and the formula (I4.6p . We just outline the main 
steps. 

The injectivity radius of the orbifold point Q2 (respectively Qi) on the universal cover 
of B \ Qi (respectively B\Q2) is greater than vr/V-Rmaxi which implies that 

7T 

minfoc(Z 2i ) > , i = 1,2. 

V -Kmax 

Hence we have similar volume estimates as (14.101) : 
(4.13) ^(r4=)>rT-. W:disV(7r(0,Qi))< ~ 



2\/ -Rmax ^Oj -R max 9 4v^R^ 
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For any orbit I such that 

dist 9 s(7r(Z),Qi) > — 7==, i = 1,2, 

it follow from Wu's injectivity radius estimate [22] that there exists a positive constant 

C 



C < 2 such that 



minfoc(7) > 



Hence we have 

(4.14) V5«( - )> 4 "' 3 ' 



for any / satisfies 



Ay/ i?max a 2 ^max 

dist g g(7r(0,Qi) > . I , * = 1,2. 

4V- K max 



By (|4.13p and (|4.14p . we see that there exists a positive constant C such that 

(415) ^ ( dH-?idr' vz " 

z Y iT, m aK u 2 ''max 



□ 



We now handle the irregular case. In this case, the base space is not even an orbifold. 
We will use Weyl's tube formula (|4.5p to prove the volume estimate f|3.4[) . However we 
shall consider not only a tube about a closed curve but also a tube about a torus. Here 
the torus is the closure of some orbit. We first study the geometry of orbit closure. 

Let (S 3 ,rj, g M ) be an irregular Sasakian 3-sphere and the contact form -q is of the first 
deformation class 

(4.16) i] a = (ai\zi\ 2 + a 2 \z 2 \ 2 )~ 1 r]o, 1 < m < a 2 , 

here a\/a 2 is an irrational number and 770 is the canonical Sasakian structure given by 

2 

r]o = ^2(x i dy i -y l dx l ). 
i=l 

The Reeb vector field determined by rj is then 

d , d , 



i=l y 

which is generated by the action 

e u .( Zl ,z 2 ) = (e iait Zll e ia ^z 2 ), t £ [0, +00). 
Let T C1 be the torus in S 3 given by 

T C1 = {(zx,z 2 ) G S 3 : N 2 = cl \z 2 \ 2 = 1 - c 2 }. 
For ci = 0, 1, the torus T C1 degenerate, respectively, to closed orbits 

l Z2 = {(zi,Z2) ■ \z 2 \ = 1}, hi = {(^1,^2) : \zi\ = !}• 

Note that 

L(l Zi ) = ^, i = 1,2. 

Each orbit is along the torus containing it. In particular for c\ E (0, 1) each orbit is dense 
in the torus. Hence the closure of each orbit is a torus and any two points contained in the 
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same torus have transverse distance 0. The transverse distance between any two points 
contained in two different tori equals the (transverse) distance between these two tori. 

For c\ £ (0, 1), let P = T C1 and X £ T(TP) denote the unit vector field orthogonal to £ a 
and N = $X. Both vector fields are determined up to choice of directions. For example 
we can choose 



N 



The vector field N is the unit normal vector field of the torus, and N integrates to geodesies 
in (S 3 ,g M ). Note that 

so the mean curvature and the second fundamental form of P satisfy the relation 

\H\ 2 - \A\ 2 = -2. 

To prove the volume estimate (|3.4p for irregular Sasakian 3-spheres, we encounter similar 
situation as for quasi-regular ones. We consider those points close to the ends l Z2 and l Zl 
of the family of tori and those points in the middle part separately. In view of the formula 
(|4.2p . we still need to estimate the area of the torus in the middle part. For this aim, we 
shall apply the following Lemma. 

Lemma 4.4. Let (S 3 , rj, £ , g M ) be a (quasi-regular or irregular) Sasakian 3-sphere of 
positive transverse sectional curvature. Fixing any torus T C1 , let 

(T Cl ) t = {exp u(Tci) tN}, A(t) = Area[(T cl ) t }. 

Then we have 

(4.17) A"{t) < 0. 



Proof. Note 



A(t)= I e N (p,t)dfi P , P eP = T cl . 



Taking iV as the formal outward unit normal vector field along the torus (T Cl )t and define 
the shape operator S(t) by 

< Su,v >=< V™N,v >, u,veT(T Cl ) t . 

Recall the Riccati equation (j4.3j) and equation (|4.4p . i.e. 

S'(t) = -S(t) 2 + R%, S' = V%S, R%u = R M (N, u)N, 



and 

Note that 



Q' N (t) = trS(t)e N (t). 



(tr5(t))' = N<Se l ,e i > 

= <V%(Se i ),e i > + <Se i ,V%e i > 

iM 
N 1 



trS' + 2 < V%ei,S ei > . 



Taking 



ei = ta, e 2 = X = -$N, 
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we get 



< VjSfe«,V£JV > + < V^fX,Vf N > 



= -<X,VgN> + <V%X,£ a ><V%N,t a > 
= • V^.V..V ■ • • X, V£f £a ><JV, Vf L > 
= < $X, iV > + < X, $N >< N, §X > 
= 0. 

(ixS(t))' = tr(S'). 

= [(trS(t)) 2 + trS'(t)}e N (t) 

= [(trS(t)) 2 - trS 2 (t) - Ric M (N, N)]Q N (t) 

= [\H\ 2 -\A\ 2 -Ric M (N,N)]e N (t) 

= l-3-K M (X,N)]e N (t) 

= -K(X,N)e N (t) 

< 0. 



7 M 



iM- 



Therefore we have 
Hence we have 



□ 



Proposition 4.5. Let (S 3 ,r],g) be an irregular Sasakian 3-sphere with transverse metric 
g and positive transverse scalar curvature R. Then there exists a positive constant Co, 
which depends only on the first deformation class ofrj, such that for any torus T Cl we have 

(4-18) V %{-£=)>£-. 

Proof. Let rj be a second deformation of rj a given by (|4,16p . First, note that we may 
assume that 

(4.19) dist(/ 2l ,Z Z2 > I 

Otherwise, we have the total volume of S 3 and the estimate (I4.18P follow automatically. 
By the formula (14.6p . we have 

(4.20) At(t)>,L(l Z2 ^ 2t ^ 



Taking r = —A — , we get 

"max 



V, 



M, 



7T 



^VRn 



In the same way, we have 



Vl M ( 



> 



> 



TT 





2vr 2 



0-2 Jo 
3 1 



sin(2i\/A) 



dt 



TT 



4a 2 Rn 



4VRn 



--)> 



TT 



4a i R n 
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For some % and a torus T C1 such that 

dist (T C1 ,Z Z J < Z. , 

4 V -Kmax 

note that 

r(^,- 7 ^ = )cT(T cl ,- 7 | = ) ; 

^max ^V^rnax 

so we get 

(4.21) V % (—£==)> -J— , Vi,T cl :dist(T cl ,l Zi )< 7 



Now for the torus T Cl such that 



dist(T cl ,^.) > Z , * = 1,2, 



applying Lemma 14.41 and formula (|4.2U|) , we get 



M < n * - 



2 



(4-22) Area(T Cl ) > min (-7=) > - 

For any torus T Cl such that 

dist(T ei ,Z 2 .) > Z , * = 1,2, 

^ V ^max 

by the assumption (|4.19p and the estimate (|4.22p . we get 

jif, 7T AT/ K IT 2 I 7T 3 1 

(4.23) V% ( ) > V% ( ) > —7== — = — . 

C1 2 V -R m ax C1 8 V i? max 4 V -R max 02 V -R max ^ a 2 Rmax 

The proof then follows from ^T\\ and (I4T231) . □ 

5. Sasaki-Ricci solitons on S 3 

In this section we consider existence and uniqueness of gradient Sasaki-Ricci soliton on 
S* 3 . In particular we shall prove Theorem 11.21 A gradient Sasaki-Ricci soliton (j], — 5V/) 
on a Sasakian S 3 satisfies the equation 

(5.1) V 2 f-^A B fg v = 0, 

here / is the basic function defined by R — r = AbJ- 

By Belgun's work [2], we know that, up to second type deformations, weighted Sasakian 
structures are essentially all the Sasakian structures on 5 3 . Along the Sasaki-Ricci flow, 
the volume and the total transverse scalar curvature are fixed. So we can first compute the 
average of the transverse scalar curvature, and then consider what second type deformation 
of a given weighted Sasakian structure satisfies the gradient Sasaki-Ricci soliton equation. 

Let S s be the unit sphere in C 2 . The contact form of the canonical Sasakian structure 
on S 3 is given by 

2 

rjo = ^2(x l dy % - y l dx l ). 
i=i 

The almost complex structure on the canonical Sasakian manifold (S 3 ,t]q) is induced by 
the complex structure of C 2 . Moreover the contact distribution T> is spanned by 

2 9 ,5 2 d , d 

Xl = ~ x "o~t + x »~2 +y in:~y «~2 ' 

ox 1 ox* ay 1 ay* 
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X 2 = * Xl = - X <— x +X L—-y*— + y 

Let 



2 d l d 2 d l d 
dy 1 X dy 2 ^ dx 1 ^ dx 2 



a = ai\zi\ 2 + a 2 |.z 2 | 2 , ai,a 2 >0. 

The contact form and Reeb vector field of a weighted Sasakian structure are, respectively, 
given by 

(5.2) r la = a- 1 V0 , £ a = ^(x 1 - . 

Now let 

Z I l^f 1 ^ 1 ^ \ I |2/ 2 ^ 2 ^ \ 



and 

Here 
and 



Sx 1 dy 1 dx 2 dy 2 

Z = o~\Z x - *Z 2 ) = -<lio^\z,?\z 2 \\±- A - 1 A). 

zi dzi z 2 dz 2 

^ekerrfo, [e„,Zi]=0, t = 1, 2, 



$Z = iZ, [£ o ,Z]=0. 
In particular on (S 3 ,r] a ), Z\ is along the torus T Cl := {|^i| 2 = c 2 , \z 2 \ 2 = 1 — c 2 }, and Z 2 is 
perpendicular to Zi. Let g a be the transverse metric associated to r\ a and g a = 9a(Z,Z). 
Then we have 

g a = g a (Z,Z) = 2a- 3 \z 1 \ 2 \z 2 \ 2 , [Z,Z] = -2ig a £ a . 
So on (S 3 ,rj a ) we have VzZ = V-%Z = 0. 

Proposition 5.1. The weighted Sasakian manifold (S 3 ,r] a ) has 

R(g a ) = -24(ai - a 2 ) 2 a- 1 \z 1 \ 2 \z 2 \ 2 - 16(ai - a 2 )(|zi| 2 - |z 2 | 2 ) + 8a, 

r = 4(ai + a 2 ). 

Proof. The transverse scalar curvature can be computed by 

= -25 a - 1 ZZlog(5a). 

Then we have 

/ RriaAdria = [ R a - 2 (2^t){2itV^t)-^— 

= [ Ra'Vdt 
Jo 

= Svr 2 ^ 2 -, 
aia 2 

and 

r /•! 

- 2 cft 



[ Va^dr] a = [ a V 
Js* Jo 



2tt 2 



a±a 2 

□ 
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Theorem 5.2. On each weighted Sasakian manifold (S" 3 , r] a ), there exists a unique Sasakian 
structure r/ homologous to r/ a so that it is a gradient Sasaki-Ricci soliton. 

Proof. The existence and uniqueness of Ricci soliton on bad orbifolds were obtained by 
Wu [22]. When (S s ,r] a ) is a quasi-regular Sasakian structure, the problem is reduced to 
Wu's result. So we focus on the irregular case. 
Assume 

V = Tj a + i(B B - d B )ip 

is the contact form of a gradient Sasaki-Ricci soliton on (S 3 ,rj a ) and g v its transverse 
metric. Here ip is a basic function. So we have 

g := d V (Z,<S>Z) = 2o-- 3 \z 1 \ 2 \z 2 \ 2 + ^ Z z, R(g v ) = -2g- x ZZ\ogg. 

Let / be the basic function defined by R{g ri ) — r{g r) ) = A#/. By the definition of a gradient 
Sasaki-Ricci soliton, we have 

(5-3) V 2 / - ^A B fg v = 0. 
It's equivalent to the system: 

(5.4) ZZf-Z(\ogg)Zf = 0, 
and 

(5-5) ZZf = ±(R(g v )-r)g. 

For an irregular Sasakian structure, all generic orbits of the characteristic foliation are 
dense in the torus T Cl containing it. Hence basic function take constant value on each 
torus. Therefore, basic functions / and g have vanishing derivatives in the direction of Z\. 
Note also that 

[Z U Z 2 ] = -2o-- 1 \z l \ 2 \z 2 \ 2 (Z a + Z 1 ). 
By equation (15. 4p . we have 

-o-- 1 Z 2 (a- 1 Z 2 f) + a- 1 Z 2 (logg)(a- 1 Z 2 f) = 0. 

So we get 

(5.6) Z 2 f = -cag. 

Let TTrj be the projection : TS 3 — > ker?7 and Z% = K^Zi. The vector fields Zi satisfy 

g v (Zi,Zj) = drj(Zi, Z 2 )5ij = ^o- 2 g5ij. 

On the other hand, 

&j(V/, Z 2 ) = Z 2 f = -cag, 

so we see that 

(5.7) V/ = -2ca- x Z 2 . 

Let X = a~ 1 Z 2 , then by (|5.6p and the expression of R(g v ), equation (|5.5p can be written 

as 

(5.8) X 2 logg-cX(g) + 2( ai + a 2 )g = 0. 
Without loss of generality, we assume a\ < a 2 . Let n = 2{a\ + a 2 ) and 

s ( a ) = -y log(o- -ai) + y log(a 2 - a) € (-oo, +oo). 
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Then we have X(s) = 1. Write g = g(s), g' = ^§ and g" = . Therefore 

(5.9) (|)' - eg' + K g = 0. 

That's the same equation appeared in [18]. Let g = v' . The function v is determined up 
to a constant. We include the constant in v. Then equation (|5.9p integrates to 

(5.10) v" — cv' 2 + kvv = 0. 
Integrating the last equation again, we get 

(5.11) v' = -v + ^(l-ke cv ), 
here k is a constant. Let y = cv + l,u = ns/c. We get 

(5.12) ^- = y-ke y -\ 

du 

Then 

dy 



y — ke y 1 



(5.13) u -- 

So we have 

(5 - 14) ~ 9 = v -' j^h^ = KS,c - 

The denominator in f)5. 13j) must have two zeroes, which happens precisely as < k < 1. 
Now let < k < 1, yi = 1 — p < 1 and y2 = 1 + q > 1 be two solutions to y = keP~ x . 
Moreover as y E (2/1,2/2) goes to 2/1 and 2/2, u tends to minus infinity and positive infinity 
respectively. Note that s goes to negative infinity and positive infinity as a point goes to 
the points z\ = and Z2 = respectively. 

We now consider the asymptotic behavior near the points z\ = and Z2 = 0. Suppose 
as s — > —00, we have an expansion 

g(s) = he Xs + b 2 e 2Xs + ■■■ 

in powers of e Xs . Similarly, as s — > +00, suppose we have an expansion 

g(s) = d ie -^ s + d 2 e~ 2 » s + ■■■ 

Near 2/1 write y = y\ + h. Then we have 

y - ke y ~ x = ph - ^(1 - p)h 2 H 

So we have u = \ log h + • • • , which implies that 

dy = dh = pe pu du + ■■■ 

Hence 



—/ \ 1 u v is, a y h,p 



dv k dy Kp 
ds c 2 du c 2 

So we have A = — if c > 0, or /i = — — if c < 0. In a similar way, we have /i = — if c > 0, 
orA = -f ifc<0. 

Write (p as a function of a G [a\, 02], then by the expression of 

g = 2a~ 3 \z 1 \ 2 \z 2 \ 2 + <p Z z> 
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we see that near the points with z 2 = either g is of order of | ^2 1 2 or of order of \z 2 \ ■ 
However, by the nondegeneracy of g„, it can only be of order of | ^2 1 2 - On the other hand 

2 &2 

(a 2 - a 1 )\z 2 \ 2 = e" s [(a 2 - ai)|zi| 2 ]^", 

so we have 

2 

H = — . 

Similarly near the points with z\ = 0, g is of order of \zi\ 2 , and in the same way we have 

A = — . 

a 2 

We always have p < q, see [18]. Hence c > and ~ = ^ = | . 

Therefore we see that to get a gradient Sasaki-Ricci soliton solution on an irregular 
Sasakian 3-sphere (S 3 , r] a ) is to find a constant k G (0, 1) such that the equation y = ke v ~ x 
has two solutions 

2/1 = 1 -p < 1, y 2 = 1 + q > 1, 

and 

0<^ = P -<1. 
a 2 q 

The existence and uniqueness then follow exactly as |22j . □ 
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